Global well-posedness and scattering for the energy-critical, 
defocusing Hartree equation for radial data 



Changxing Miao, Guixiang Xu, and Lifeng Zhao 
Institute of Applied Physics and Computational Mathematics 
P. O. Box 8009, Beijing, China, 100088 
(miao_changxing@iapcm.ac.cn, xu_guixiang@iapcm.ac.cn, zhaoJifeng@iapcm.ac.cn ) 



Abstract 

We consider the defocusing, i/ 1 -critical Hartree equation for the radial data in 
all dimensions (n > 5) . We show the global well-posedness and scattering results in 
the energy space. The new ingredient in this paper is that we first take advantage 

of the term — u| 2 A(- — -\dxdt in the localized Morawetz identity to 

JlJ\x\<A\I\V* V M y 

rule out the possibility of energy concentration, instead of the classical Morawetz 
estimate dependent of the nonlinearity. 
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1 Introduction 

In this paper, we study the Cauchy problem for the Hartree equation 

iut + An = /(«), in M™ x M, n> 5, 
u(0) = <p(x), in R n . 

Here /(it) = (V * \u\ 2 ) u is a nonlinear function of Hartree type for V{x) = \x\ 7 ,0 < 
7 < n, where * denotes the convolution in W 1 . In practice, we use the integral formula 

of (dm 

u(t) = U(t)(p-i I U(t-s)f(u(s))ds, (1.2) 
J o 

where U(t) = e ltA . 



If the solution u of (jl.ip has sufficient smoothness and decay at infinity, it satisfies 
two conservation laws : 



E{u(t)) = \\\Vu{t)\\ 2 j2 + \ I f . 1 , \u(t,x)\ 2 \u(t,y)\ 2 dxdy = E(<p). 



M(u(t)) = \\u(t)\\ L2 = \\ip\\ L2 

-||Vn(t)|| 2 r2 + - f f -. — l — 
2 II V J\\ L 2 4 j j | x _ y | 7 

As explained in [6], the energy is also conserved for the energy solutions u € Cj (R, H 1 ). 
From the viewpoint of the fractional integral, we rewrite the equation (II, ip as 

iu t + An = ((-A) - ^^] 2 )^ 

For dimension n > 5, the exponent 7 = 4 is the unique exponent which is energy critical 
in the sense that the natural scale transformation 

u\(t,x) = A 2 u(X i, Ax), 

leaves the energy invariant, in other words, the energy E(u) is a dimensionless quantity. 

The Cauchy problem of the Hartree equation has been intensively studied ([4-10], 
[15, 16, 18, 19]. With regard to the global well-posedness and scattering results, they 
all dealt with the i/ 1 -subcritical case (2 < 7 < min(4, n)) in the energy space or some 
weighted spaces. In [16], we obtained the small data scattering result for the i^-critical 
case in the energy space. For the large initial data for the i^ 1 -critical case (7 = 4, n > 5) 
in the energy space , the argument in [16] can not yield the global well-posedness, even 
with the conservation of the energy (|1.3j) . because the time of existence given by the 
local theory depends on the profile of the data as well as on the energy. 

Concerning the i/ 1 -subcritical case (2 < 7 < min(4, nyj , using the method of 
Morawetz and Strauss [T7], J. Ginibre and G. Velo [6] developed the scattering the- 
ory in the energy space, where they exploited the properties of A and obtain the usual 
Morawetz estimate 

1 - V\u(t,y)\ 2 dydxdt < CE{u). 
\x\ |x — yy 

Later, K. Nakanishi [18] exploited the properties of idt + A and used a certain related 
Sobolev-type inequality to obtain a new Morawetz estimate 

2n 

t\ +u \u(t x)\ n ~ 2 

dxdt<C(E,u), for any v > 0, 



a 


J \u(t,x)\ 







l+ i (\t\ + [x|) 2 +- 

which was independent of the nonlinearity. 

In this paper, we deal with the Cauchy problem of the Hartree equation with the large 
data for the i7 1 -critical case (7 = 4, n > 5) . Inspired by the approach of Bourgain [l] 
and Tao [22] in the case of the i7 1 -critical Schrodinger equation with the local nonlinear 
term, we obtain the global well-posedness and scattering results for the Hartree equation 
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for the large radial data in H . The new ingredient is that we take advantage of the 
following localized estimate for the first time 

-// \u(t,x)\ 2 A(±-)dxdt = (n-3) [ [ M^Ldxdt < A\I\ l ' 2 C{E) 

JlJ\x\<A\I\V 2 V M 7 JlJ\x\<A\I\^ \ x \ 

to rule out the possibility of energy concentration, instead of the classical Morawetz 
estimate 

-J J J (^-^}yV(x-y)\u(x)\ 2 \u(y)\ 2 dydxdt<C(E) 
due to the nonlinear term . 

Our main result is the following global well-posedness result in the energy space. 
Theorem 1.1. Let n > 5, and (p € H l be radial, then there exists a unique global 



solution u £ C¥{Hl) f] L^Lt~ s to 

j (iu t + Au)(t, x) = (uV * \u\ 2 ) {t, x), in R n x R, 
| u(0) = ip(x), inR n . 

where V{x) = \x\~ A and on each compact time interval we have 



(1.4) 



6n 2 y 1 1 f 1 1 tr 

LfL^^ ([t-,t+]xR n ) 



<C(|U|^). (1.5) 



it. 



As the right hand side of (II. 5h is independent of we can obtain the global 

spacetime estimate. As a direct consequence of the global LjL| n_s estimate, we have 
scattering, asymptotic completeness, and uniform regularity. 

Corollary 1.1. Let (p be radial and have finite energy. Then there exists finite energy 
solutions u±(t,x) to the free Schrodinger equation iut + An = such that 

\\u±(t) — u(t)\\ ^ — > as t — > ±oo. 

Furthermore, the maps if i— > u±(0) are homeomorphisms from i^ 1 (!R n ) to H 1 (M n ). Fi- 
nally, if (p € H s for some s > 1, then u(t) £ H s for all time t, and one has the uniform 
bounds 

sup \\u(t) L s < C(E(ip),s) L s . 
The paper is organized as follows. 

In Section 2, we introduce notations and the basic estimates; In Section 3, we derive 
the local mass conservation and Morawetz inequality; In Section 4, we discuss the local 
theory for (|1.4|) ; In Section 5, we obtain the perturbation theory; Finally, we prove the 
main theorem in Section 6. 
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2 Notations and basic estimates 



We will often use the notations a < b and a = 0(b) to denote the estimate a < Cb for 
some C. The derivative operator V refers to the space variable only. We also occasionally 
use subscripts to denote the spatial derivatives and use the summation convention over 
repeated indices. 

We define (a, b) = Re(afe), d = (d t , V), V = (— |, V); For 1 < p < oo, we denote by 
p' the dual exponent, that is, - + -K = 1. 

For any time interval /, we use L\I7 X {I x M. n ) to denote the mixed spacetime Lebesgue 
norm ^ 

IMLfZ£(ixR™) := ( J II u IIl'-(r«)^J 
with the usual modifications when q = oo. When q = r, we abbreviate L\U X by x . 



We use U(t) = e ttA to denote the free group generated by the free Schrodinger 
equation iut + An = 0. It can commute with derivatives, and obeys the inequality 

II JtAf\\ < |+r n (5-i)|| fll . (21) 

Ir J Wl^iw 1 ) ~ I I IM IIlp'(R") ^--U 

for t ^ 0, 2 < p < oo. 

We say that a pair (g, r) is admissible if 

2 /l 1 
— = n 

q 

and 



q \2 r 



< oo, n = 1; 
2 < /• ^ < oo, n = 2; 



For a spacetime slab / x W 1 , we define the Strichartz norm S°(I) by 



and define 5' 1 (I) by 



Mb 1 co :— !l Vn ll5°(/)- 



When n > 3, the spaces (i5°(J), || • Hgo^)) and (S' 1 (/), || • H^i^)) are Banach spaces, 
respectively. 

Based on the above notations, we have the following Strichartz inequalities 
Lemma 2.1. \TT$ , \21^ Let u be an S° solution to the Schrodinger equation (jj.jp . Then 

HU< lk*o)L| + ll/( M )IL f '^ (JxR n) 
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for any to £ I and any admissible pairs (q,r). The implicit constant is independent of 
the choice of interval I. 



From Sobolev embedding, we have 
Lemma 2.2. For any function u on I x IR n , we have 

V"U roor , + V"U 6n + \\u\\ 2n + \\u\\ 6n < \\u\\ A, ■ 

II \I-L t L x II II f 3 r 3n-4 H "xoor"^ 11 11 r6r 3"-8 11 11 * 

where all spacetime norms are on I x M n . 

For convenience, we introduce two abbreviated notations. For a time interval J, we 
denote 

Lemma 2.3. Lei f(u)(t,x) = (uV * \u\ 2 )(t,x), where V(x) = jx|~ 4 . For any time 
interval I and to £ > ftove 



t 

e i( *- s)A /(n)(s,x)ds ' " 1,2 



to 



^ 1(J) ~ \\ u \\x{i)\\ u \\w(iy 



Proof: By Strichartz estimates, Hardy-Littlewood-Sobolev inequality and Holder 
inequality, we have 



* e i ^ A f{u){s,x)ds 



to 



sHi) 



< 



\Vf( U )(t,x)\\ 3 6 



L?L'i n+i (7xR™) 



< II VuV * \u\ II 3 6n + \\UV * (uVu)\\ 3 6n 

L t 5 i| n+4 (JxR«) Lfi| n+4 (JxR™) 

55 l|Vu|| 6n ||y*|n| 2 || 3n + IMI 6n II V * (itVli) II „ ft 



~ ll w llx(/)ll u llw(/)' 



3 Local mass conservation and Morawetz inequality 

In this section, we will prove two useful estimates. One is a local mass conservation 
estimate and the other is a Morawetz inequality, which appears in Morawetz identity. 
The local mass conservation estimate is used to control the flow of mass through a region 
of space, and the Morawetz inequality is used to prevent concentration. 

3.1 Local mass conservation 

We recall a local mass conservation law that has appeared in pQ, [13] and [22] . For 
completeness, we give the sketch of the proof. Let x be a bump function supported on 
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the ball B(0, 1) that equals 1 on the ball B(0, 1/2). Observe that if u is a finite energy 
solution of (jl.4p . then 



d t \u(t,x) 



-2V • lm(uVu(t,x)). 



We define 



Mass(u{t),B(x ,R)) 



X 



x - x \ 
R J 



)u(t,x) 



dx. 



Differentiating the above quantity with respect to time, we obtain by the integration by 
parts 



d t Mass(u(t),B(x ,R)) 



X 



X — Xq 



X 



R 

X — Xq 

R 



dt\u(t,x)\ dx 

2 

\ • Im(uVu)dx 



4 
R 



x 



^ ^||Vn(t)|| L2 (Mass(n(t),S(x ,i?)) 



1/2 



hence, we have 

Mass(u(h), B(x , R)) 1/2 - Mass(n(t 2 ), B(x , R)) 1/2 



(3.1) 



This implies that if the local mass Mass(u(t), B(xo, R)) is large for some time t, then it 
can also be shown to be similarly large for nearly time t, by increasing the radius R if 
necessary to reduce the rate of change of the mass. 



On the other hand, from Sobolev and Holder inequalities, we have 



Mass{u(t),B(x ,R)) < 



X 



X — Xo 

R 



\u\\ _2n < R 2 1 1 Vlt 



1 2 



(3.2) 



This gives the control of mass in small volumes. 



3.2 A Morawetz inequality 

To prevent the concentration of the energy, we need a Morawetz estimate. The Morawetz 
estimate is based on some integral identity derived by variation of the lagrangian. 

We define £(u) by 

2£(u) = (iu t ,u) + \X7u\ 2 + l|n[ 2 (y * |n[ 2 ) 
l{u) is the lagrangian density associated to the equation (jl.ip . 
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Prom the definition of the variation of the functional £, we have 

£(u + ev)-£(u) 

d v l(u) : = lim 

e^o e 

= (iut + Au — u(V * \u\ 2 ),v) + d ■ {Vu, v). 
nth 

we obtain the following formula: 



X I Tl — 1 

Using this identity together with h = - — -,q = —KeCD-h) = — : — — and Mu = h-T>u + qu, 

\x\ 2 2\x\ 



u\ 2 



(iut + An - u(V * |u| 2 ), Mu) =-d- (Vu, Mu) + V ■ (hl(u) + -^dq) 



+ y(Vu,dh a V a u) - —V-dq-(V*V\u\ 2 ) • — — rliil 2 

2 2 \x\ 

a=0 1 1 

As a consequence of the above dilation identity, we have the following Morawetz 
estimate, which plays an important role in our proof. 

Proposition 3.1 (Morawetz estimate). Let u be a solution to fli.^D on a spacetime slab 
I x R n . Then for any A > 1, we have 

[ [ ^dxdt- III (^--l-)vV(x-y)\u{x)\ 2 \u(y)\ 2 dydxdt 

JiJ\x\<a\i\V 2 \ x \ JiJ Jn^m W 

<^l 1/2 £, 

where Q = {(x,y) € R n x W 1 ; \x\ < A^ 1 / 2 ; \y\ < 1 / 2 } . 

Remark 3.1. Since 

x y \ yy/ s ^ M M — x - y / 1 ^ ^ N )>o 
\x\ \y\J \x — y\ e \\x\ \y\/ ~ 



we have 

f /' / ( 

M \y\ 




y ^ VV(x - y)\u(x)\ 2 \u(y)\ 2 dydxdt > 0. 



n 



Proof: We define Vtf(t) = I a(x)\u(t,x)\ 2 dx, then 



and 



Mg(t) =: d t Vg{t) = 21m J OjUjUdx. 

c^Mq (t) = — 21m J ajjUtudx — 41m J ajUjUtdx 
= — J AAa\u\ 2 dx + 4Re J ajkUjUkdx 

-2Re J J Va(x)W(x - y)\u{y)\ 2 \u{x)\ 2 dxdy 
= — j AAa\u\ 2 dx + 4Re J ajkUju^dx 

-Re (Va(x) - Va(y)) W(x - y)\u(y)\ 2 \u(x)\ 2 dxdy 
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where we use the symmetry of a(x) and V(x). Let R > and let r\ be a bump function 
adapted to the ball |x| < R which equals 1 on the ball |x| < R/2. We set a(x) := \x\rj(x). 



For \x\ < R/2, we have 



x j . 
\x\ ' 



a jk — — iTT^r; Aa _ i„i i 



-AAa 



(n-l)(n-3) 



and for i?/2 < |x| < i?, we have bounds 

Oj = 0(l); a jfe = 0(i?~ 1 ); AAa = 0(i?~ 3 ). 

Thus we have 

|Vu| 2 - |a r n| 2 



d t M a (i) = (n-l)(n-3) 



■dx + 4 



/ 



dx 



Hi 



|x|<_R/2 \ x \ J\x\<R/2 

^-^)vV(x-y)\u(x)\ 2 \u(y)\ 2 dyda 
\x\ \y\' 



x 



+ 

+ o 



|x|~R 



( | £ ( Qj (x) - 0j -(y)) ^_ y y; +2 \u{x)\My)?dydx) 



where 7 = 4, 



fii = {(x,y) e 



v, Tun 



; x 



^ 2 = e R» x M n ; |x| ~ 



<i?/2,|y| <i?/2}; 
i?} U {(x,y) G R» 



lyl-i?}. 



Meanwhile 



< 



/ / (aj(x) - aj(y)) , %3 Mx)| 2 Kj/)| 2 dydx 

// 

J JQ 2 : \x 



2 : |x-j/|<ii/4 
+ 



|x — y| 7+2 
(aj(x) -Oj(j/)) ' " J 



Q 2 : \x-y\>R/4 



X - y|T+ 2 
a j (x)-a j (y)) 



\x - y|T+ 2 

Moreover, from Sobolev and Holder inequalities, we have 



u(x)\ 2 \u(y)\ 2 dydx 

u(x)\ 2 \u(y)\ 2 dydx 



MS(t) < f \u\\Vu\ < \\u\\ ^\\Vu\\ L J [ dx) 
J\x\<R K J\x\<R ' 



1/n 

dx ) < RE. 



\x\<R 
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So if we integrate by parts on a time interval I and take R = 2A\I\ 1 ^ 2 , we obtain 

T^dxdt- [ [ [ (^--^-)w(x-y)\u{x)\ 2 \u{y)\ 2 dydxdt 
li J\ x \<a\i\v* \ x \ JiJ Jn K m \y\y 

<A\I\ 1/2 E 
for n > 4. The proof is completed. 



4 Local theory 



In this section, we develop a local well-posedness and blow-up criterion for the ij -critical 
Hartree equation. First, we have 

Proposition 4.1 (Local well-posedness). Let u(to) £ H , and I be a compact time 
interval that contains to such that 

\\u(t-t )u(t )\\ x{1) < n, 

for a sufficiently small absolute constant 7] > 0. Then there exists a unique strong solution 
to (TO) on I x R n such that 



\u\\ X (i) ^ c '(|| u (*o)||^i] 



Proof: The proof of this proposition is standard and based on the contraction 
mapping arguments. We define the solution map to be 

$(u)(i) := U(t - t )u(t ) - i I U(t - s)f(u(s))ds, 

J to 

then $ is a map from 

B= {u: \\u\\ X (i) < 277, < 2 C|K<o)||#i} 

with the metric 

\\ u \\b = \\u\\x(i) + \\u\\w(i) 

onto itself because 

ll*(«)IU(j) < \P(t - t )u(t )\\ x{1) + C\\u\\ 2 x{I) \\u\\ w{I) <rj + 8Cri 2 \\u(to)\\Hi < 2r/; 

< C\\u{to)\\ til +C\\u\\ 2 x{I) \\u\\ wiI) < C\\u(t ) \\ 6l +8Cr l 2 \\u{t ) < 2C\\u(t ) . 

It suffices to prove $ is a contraction map. Let u, v £ B, then 

ft 



|*(«) -®(v)\\ w{1) < 



U(t — s)(V * (u — v)u)u(s, x)ds 



W(I) 



+ 



+ 



U(t — s)(V * v(u — v))u(s, x)ds 



U(t — s)(V * vv)(u — v)(s, x)ds 



W(l) 
W(I) 
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By Lemma l2.3( we have 

||<£>(u) - < \\u - v\\ X (i) (\\u\\w(i)\H\x(i) + \H\w(i)\\v\\x(i) + IMIw(7)IMU(7) 

+ ||«-«||w(/)Mkl|x(/)l|w||x(7) + IMU(/)IMU(/) + lblU(/)lklU(/) 

< 12Cr/||n(t )||^i||n - v\\ X (i) + I2r] 2 \\u - v\\ w ^ 

< j(h - v \\x(i) + \\u-v\\ W (i)) 
In the same way, we have 

||$(u) - &(v)\\ X (T) < 12C7»7||tt(to)||^i||« - v\\ x{1) + I2r] 2 \\u - v\\ w{1) 

< - v \\x{i) + \\u - v\\ w{1) ) 

as long as rj is chosen sufficiently small. Then the contraction mapping theorem implies 
the existence of the unique solution to (|1.4|) on I. 

Next, we give the blow-up criterion of the solutions for (jl,4p . The usual form is 
similar to those in [2], [12j . which is in the form of a maximal interval of existence. For 
convenience, we obtain 

Proposition 4.2 (Blow-up criterion). Let 92 € H 1 , and let u be a strong solution to 
fMl ) on the slab [0, T) x W 1 such that 

IMIx([o,T)) < °°- 

Then there exists 5 > such that the solution u extends to a strong solution to f \l-4\ l on 
the slab [0,T + 6] x R n . 

Proof: By the absolute continuity of integrals, there exists a to G [0, T), such that 

\\ u \\x([t ,T)) < 

then by Lemma 12.31 we have 

\\u\\w([t ,T)) ^ IK^Hijl + \\ u \\x([t ,T))\\ u \\w([to,T)), 

therefore 

\W\\w([t ,T)) < I|«(*o)Hhi- 

Now we write 

U(t - t )u(t ) = u(t) + i ( U{t-s)(V * \u\ 2 )u(s, x)ds, 

Jt 

then 

\\U(t-to)u(t )\\x(ito,T)) < ll«llx([t ,T))+C , ||«||x([t 0l r))ll u ll» r ([to,r)) < ?+<VK*o)Hhi < \ 
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By the absolute continuity of integrals again, there exists a S, such that 

\\U(t - t )u(t )\\x([t ,T+5)) < V- 

Thus we may apply Proposition 14.11 on the interval [to, T + $] to complete the proof. 

In other words, this lemma asserts that if [to, T*) is the maximal interval of existence 
and T* < oo, then 

\\u\\x([t ,T*)) = oo. 

5 Perturbation result 

In this section, we obtain the perturbation for Hartree equation, which shows that the 
solution can not be large if the linear part of the solution is not large. This is an 
analogue of Lemma 3.2 in [22], and later, Killip, Visan and Zhang [13] gave the similar 
perturbation result for the Schrodinger equation with the quadric potentials. 

Lemma 5.1 (Perturbation lemma). Let u be a solution to t \l-4\) on I = [ti , ^2] such that 

1 11 11 

2^- \\ u \\x{i) ^ V, 

where n is sufficiently small constant depending on the norm of the initial data, then 

\\ u \\s i {l) ~ IWIx(J) - 4^' 
where Uk{t) = U(t — tk)u(tk) for k = 1,2. 

Proof: From Strichartz estimate and Lemma 12.31 we obtain 

INIs^) ~ 1 1 1 ) 1 1 ^1 + ll' u !lx(/)!l n !lw(/) 
< Ih(*i)||iji + lhl&(/)lhll5i(/) 

If T) is sufficiently small, we have the first claim 

IMIsi(j) ~ L 

As for the second claim, we give the proof for k = 1, the case k = 2 is similar. Using 
Strichartz estimate and Lemma 12.31 again, we have 

\\ u - u 4x(i) Z^lHsHi) 

therefore, the second claim follows by the triangle inequality and choosing 77 sufficiently 
small. 
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6 Global well-posedness 



In this section, we give the proof of Theorem 11.11 The new ingredient is that we first 
take advantage of the the estimate of the term / / - — -^dxdt in the localized 

J I ./|a;|<.A|I|V2 \X\ 6 

Morawetz identity to rule out the possibility of energy concentration, which is indepen- 
dent of the nonlinear term. For the Schrodinger equation, Tao |22j used the classical 
Morawetz estimate, which depends on the nonlinearity, to prevent the concentration. 

For readability, we first take some constants 

Ci = 6n; C 2 = 3; C 3 = 18n. (6.1) 

which come from several constraints in the rest of this section. All implicit constants in 
this section are permitted to depend on the dimension n and the energy. 

Fix E, [t-,t + ], u. We may assume that the energy is large, E > c > 0, otherwise the 
claim follows from the small energy theory [16]. From the boundedness of energy and 
Sobolev embedding, we can obtain 

IK*)||hi + IK*)|| ^ ( 6 - 2 ) 

II ll-n x II II j n-2 

^x 

for all t G 

Assume that the solution u already exists on By Lemma WI\ it suffices to 

obtain a priori estimate 



u 



_ t+ n < 0(1), (6.3) 



x([t-,t+]) 



where O(l) is independent of t_, t + . 
We may assume that 

W u \\x([t-u\) ~ 2?? ' 

otherwise it is trivial. We divide t+J into J subintervals Ij = [tj, tj+i] for some J > 2 
such that 

where r] is a small constant depending on the dimension n and the energy. As a conse- 
quence, it suffices to estimate the number J. 

Now let u± = U(t — t±)u(t±). By Sobolev embedding and Strichartz estimates, we 
have 

!Mlx([ 4 _, t+ ]) < L ( 6 - 5 ) 



We adapt the following definition of Tao [22J. 
Definition 6.1. We call Ij exceptional if 

h±\\ x(Ij) >v Cs 

for at least one sign ±. Otherwise, we call Ij unexceptional. 
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From (|6.5p . we obtain the upper bound on the number of exceptional intervals, 
Q^-6C3 y -yy e ma y assume that there exist unexceptional intervals, otherwise the claim 
would follow from this bound and (16. 4h , Therefore, it suffices to compute the number of 
unexceptional intervals. 



We first prove the existence of a bubble of mass concentration in each unexceptional 
interval. 

Proposition 6.1 (Existence of a bubble). Let Ij be an unexceptional interval. Then 
there exists xj G R n such that 



Mass(u(t), Bixj^-^lljl 1 / 2 )) > rf^\I 3 



for all t £ Ij. 



Proof: By time translation invariance and scale invariance, we may assume that 
Ij = [0,1]. We subdivide Ij further into [0, ^] and [^,1]. By (16. 4p and the pigeonhole 
principle and time reflection symmetry if necessary, we may assume that 



I II > 1 



Thus by Lemma 15. 11 we have 



Uit-\)u(l) 



>2. 



(6.6) 



By Duhamel formula, we have 



1, A 



U(t - -)u(-) = U(t - t_)u(t_) -i U(t- s)f(u(s))ds 



o 

,0 

i J U(t- s)f(u(s))ds. 



(6.7) 



Since [0, 1] is unexceptional interval, we have 

\\U(t-t^u(t„)\\ x{[L = ||u-(t)|| x([ i 1]} 



< rf 3 . 



On the other hand, by (|6.4|) . Lemma 12.21 , Lemma 12.31 and Lemma |5.1|, we have 



U(t- s)f(u(s))ds 



< 



u 



x{[i,i])\\ u \\w{a,i\) 



Zv 2 \\4sHa,i])Zv 2 - 



Thus the triangle inequality implies that 

U(t- s)f(u(s))ds 



x([l, i]) " 100 V ' 
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provided rj is chosen sufficiently small. Hence, if we define 

v(t) := J°U{t-s)f{u(s))ds, 



then we have 



I II 1 

- Too 77 - 



(6.8) 



Next, we estimate the upper bound on v. We have by (|6.7I) and the triangle inequality 



< 



+ \\u(t -*-)«(*-) IUhi 1 ,!]) 



+ 



C/(t - s)f(u(s))ds 



< \\ u \\h-l + lrllx([o,|])ll n llvK([o4]) 
~ IMIifi + IMIx([o,i])IMIsi([o,i]) 



(6.9) 



< 1. 



where we use Strichartz estimate, (16.41) and Lemma 15.1 



We shall need some additional regularity control on v. For any h & M. n , let 
denote the translation of u by h, i.e. u W(t,x) =u(t,x-h). 

Lemma 6.1. Let x be a bump function supported on the ball B(0, 1) of total mass one, 
and define 

v av (t,x) = / x(y)v(t,x + v° 2 y)dy, 



then we have 



\v — v, 



< n° 2 . 



av \\x(a,i}) ~ v 



Proof: By the chain rule, Holder inequality and Sobolev embedding, we have 



||V/(n)( S )|| ^ 



<\\(V*\U\ 2 )VU\\ 2n + \\U(V * V|tt| 2 )|| 2n 

11 1 1 t n+4 11 1 1 t n+4 

< IIVull T2 \\V * M 2 || r ^ + IMI 2 ™ ||^*V|n| 2 | 

II IIL/II 1 1 1 _L 2 II II £ n — 2 1 1 1 1 I 

< II Vull r9 II liil 2 II + IIt/II _2n ||V|u| 2 || n 

— II ll_L z IM I ll£n-2 11 11 1 1 

<1, 



it follows by (|ZT]) 



IVvl 2n < SUp , 







1 



|V/(u)(a)|| _^ds<l 
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From (16. 9p and interpolation, we have 



l V HI ^ i - ll V H| 2/3 -an, || ^^11 Vl^ 2rri , , 



< 1. 



From the fundamental theorem of calculus, we have 

\\V-V W \\ 6n <\h\. 

Lf°I,J n-B ([i l]xR") 



This implies 



|v-^|| en < / x(y)\\v(t,x + rf 2 y) - v{x)\\ en dy 



^ / x(y)k C2 ?/l^ 



<^ 2 - 

Hence from Holder inequality, we obtain 

||«-W«u||y f ri in i$ ||v-«at»|| 6n ^V^ 2 - 

This completes the proof of Lemma. 

Now we return to the proof of Proposition 16.11 By Lemma 16.11 and (|6.8p , we have 

IML([i id ( 6 - 10 ) 



On the other hand, by Holder inequality, Young inequalities and (|6.9p . we have 

\\ V av\\ 2(3n-8) 2n ^ "aw -2n 

L f "^^L^([I,l]xM«) L°°Lr^([i,l]xK«) 



< , 

" l 'L t °°Lr r:? ([|,l]xIR' 1 ) 

< 1. 



Interpolating with (|6.10p gives 



r au IL?°_([i. lixR")) ~ Ir^llxai ii)lr ai, ll 2(L-s) _2n 



2 • 

Thus there exists (sj,Xj) € [5,1] x K n such that 

v a «(s 3 -,a; 3 -) >rj 2 ■ 
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Hence, by Cauchy-Schwarz inequality, we have 



v av (sj,Xj)\= I x(y)v(sj,Xj + if 2 y)dy 



-nC 2 



X( C2 : ' )v(sj,x)dx 



< rf nC2 r/f ° 2 Mass(v( Sj ) , B (xj ^rf 2 )) 1 / 2 , 



that is 



Mass(t;( Si ), B(x 3 , V C2 )) > ^n-e+nC^ > v 



Ci 



(6.11) 



Observe that (|3.1|) also holds for u. If we take R = rj Cl and choose r/ sufficiently 
small, we have 



Mass(v(t),B(xj,r]- Cl )) > (Mass(v{sj), B(x jl ry" Cl )) 



ttya/2 



1 



> (Mass(«( aj -),-B(a:j^ Ca )) 1/2 "^) 2 



(6.12) 



for all f G [0, 1]. 

The last step is to show that this mass concentration holds for u. We first show mass 
concentration for u at time 0. 

Since [0, 1] is unexceptional interval, by the pigeonhole principle, there is a Tj G [0, 1] 
such that 

||«-(Ti)|| ^ < V° 3 , 



3n-» 



and so by Holder inequality, 



Mass(u_(r i ), J B(x i ,r/~ Gl )) 



X 



.^lh-( r i)| 



Cin 
3n-S 



From (13.11). we have 



Mass(u_(0),S(x i ,7?~ c ' 1 )) < f] 2Cl . 



(6.13) 



Recall that u(0) = u_(0) — w(O). Combing f)6. 12|) and (|6.13j) with the triangle 
inequality, we obtain 



Mass(u(0),B( Xj ,r]- Cl )) > r] Cl . 
Using ()3.ip again, we obtain the result. 



(6.14) 



Next, we use the radial assumption to show that the bubble of mass concentration 
must occur at the spatial origin. In the forthcoming paper, we shall use the interaction 
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Morawetz estimate with the frequency localized I? almost-conservation law to rule out 
the possibility of the energy concentration at any place and deal with the non-radial 
data. The corresponding results for the Schrodinger equation with local nonlinearity, 
please see [3], [2D] and [25] . 

Corollary 6.1 (Bubble at the origin). Let Ij be an unexceptional interval. Then 

Mass(u(t),fl(0,rT 3Cl |/// 2 )) > 

for all t € Ij. 



Proof: If xj in Proposition 16.11 is within ^n 3Cl {Ijl 1 ' 2 of the origin, then the result 
follows immediately. Otherwise by the radial assumption, there would be at least 



O 



C TJ -3C7i|r.|l/2\n-l N 
(?7- Cl |^| 1/2 ) n_1 ' 



many distinct balls each containing at least rf 1 \Ij | amount of mass. By Holder inequality, 
this implies 



7] -2(™- 1 ) c i x v Cl \Ij | < / \u(t, x) \ 2 alx 

'( ?? - 3C l-»?- C l)|/ J | 1 /2<| a ;|<( ?? -3C 1+r; -C 1) | /j |l/2 

( / 

L" V 7(r,- 3 Cl_^-C'l)|J i |l/2<| a .|<(^-30 1+r? -0 1 -j| /i |l/2 / 

x ([v-^i^'T' 1 x r Cl \ii\ 1/2 ) 



<r II II 2 



2 



that is 

II \\2 . 2n a 9f» ;•!/-■ 

||n|| 2n > 7/ 2n 01 . 

Because 2n 2 — 9n + 4 > for n > 5, this contradicts the boundedness on the energy 
of (|6.2p . This completes the proof. 

Next, we use Proposition 13 . 1 1 to show that if there are many unexceptional intervals, 
they must form a cascade and must concentrate at some time t*. 

Corollary 6.2. Assume that the solution u is spherically symmetric. For any interval 
I C and I be a union of consecutive unexceptional intervals Ij. Then 

£|// /2 <rr 13Ci i/i 1/2 , 



and moreover, there exists a j such that 
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Proof: For any unexceptional interval Ij, from Holder inequality and Corollary 16 .1\ 
we have 



Cl |l^ <Mass(^),£(0^- 3 ^l// 2 )) 



< 



X 



X 



^-30i|j.|l/2 
3 



X 



<(V 3C1 II;I 1/2 ) 



|a;|<2 ?? - 3C, l|/ J -| 1 /2 \X\ 



( E 

V27 7 - 3C 'l|i i | 1 /2 

\u(t,x)\ 2 

-ax, 



\u(t,x)\< 



Ll 



therefore 



L 



|s|<2 ?? - 3C 'l|/j| 1 /2 



\ u ^ x }\ 2 dx > n WCl \l \ 

I ,3 aX r^ 7 ! \ I j\ 



We integrate this over each unexceptional interval Ij and sum over j, 



n 10Cl E S E 



|«(t,x)| 2 



(i.r 



< 



< 



I^I J Ii J \x\<*V- 3C l\I j \ 1 / 2 \ X \ 

\u{t,x)\ 2 



E 




dx 



f^ l Ji j J\x\<'i'n- ao i\i\v* \ x 
\u(t,x)\ 2 



dx 



'I J\x\<2 V - 3C l\I\ 1 / 2 \X\ 
<T,-**\I\W 

The second claim follows from the first and the fact that 

|l/2 . |, 1/ i r in -1/2 



" > sup \l k \) 



This completes the proof. 



Proposition 6.2 (Interval cascade). Let I be an interval tiled by finitely many intervals 
I\, ■ ■ ■ ,In- Suppose that for any continuous family {/j : j G of the unexceptional 
intervals, there exists G J such that 



\h*\>A \]h 



(6.15) 



for some small a > 0. Then there exist K > log(iV)/ log(2a x ) distinct indices Ji, • • ■ , jk 
such that 



\l h \ > 2\l j2 \ > ■ ■ ■> 2 K ~ 1 \I 



3k\i 



and for any t* G Ij K , 
hold forl<k<K. 



dist(I jk ,U) < -\l jk \ 
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t + . ♦ u + (t) 
-exceptional interval 




,(k) 



|(2) 

at most 2a~ 1 -1 



,(D 



♦ ujt) 



exceptional interval 
at most 0(rf 6C 3 ) 



Figure 1: Iteration process in Proposition 



Proof: Here we use an algorithm in pQ and [22j to assign a generation to each Ij. 

By hypothesis, I contains at least one interval of length a\I\. All intervals with length 
larger than a\I\/2 belong to the first generation. By the total measure, we see that there 
are at most 2a _1 — 1 intervals in the first generation. Removing there intervals from I 
leaves at most 2a _1 gaps, which are tiled by intervals Ij. 



By (|6.15p and the contradiction argument, we know that there is not gap with length 
larger than \I\/2. 

We now apply this argument recursively to all gaps generated by the previous itera- 
tion until every Ij has been labeled with a generation number. 

Each iteration of the algorithm removes at most 2a _1 — 1 many intervals and produces 
at most 2a~ 1 gaps. Suppose that there are N consecutive unexceptional intervals initially, 
and we perform at most K times iterations. Then the number K obeys 

N < {2a- 1 - 1) + (2a- 1 - l)2a" 1 + • • • + (2a" 1 - l)(2a" 1 ) i ^~ 1 
< (2a- 1 ) K , 

which leads to the claim K > log(iV)/ log(2a _1 ). 

Let l( K ^ be the interval obtained after K — 1 iterations and Ij K be any interval in 
l( K \ For 1 < i < K — 1, let I® be the (i — l)-generation gap which contains the Ij K , 
and assign the Ij i be any ith-generation interval which is contained in JW (see Figure 
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1). By the construction, for any t* S Ij K , we have 

di S t(^,/ J J<|/( fc )|<2a- 1 |/, fc | 

for all 1 < k < K. 

Proposition 6.3 (Energy non-evacuation). Let Ij 17 ■ ■ ■ , Ij K be a disjoint family of un- 
exceptional intervals obeying 



\l h \>2\l h \>...>2 K - 1 \l jx \ (6.16) 

and for any t* £ Ij K , 



distal) <rr 26Ci |/ : 

hold for 1 < k < K. Then 



.ik 



K <T] 



-lOOCi 



Proof: By Corollary 16.11 

Mass^^^^^l^J 172 )) > r] C '\I Jk \ 
for all t € Ij k . By (|3.ip , we have 



Ma SS (n(^),5(0,^|/ Jfc | 1/2 )) > Cl fel) 1/2 " ^S^J^ f 

> rf 1 \L I 

On the other hand, from (|3.2p . we have 

Mass^^),^^^^!^! 172 )) < V 2Cl \I 3k \- 

Define 

^) = {x:^|/, fe | 1/2 <N<^|^| 1/2 }, 

then we have 

/ \u(U, x)\ 2 dx > Mass(u(i), B{0, rf 21Cl |/ Jfe | 1/2 )) - Mass(w(i), 5(0, 2n Cl \I Jk \ 1/2 )) 

JA(k) 

>v Cl \i jk \- 

By Holder inequality, we have 

\u(U ,x)\^dx> (r? Cl \L Jk |) ^ (rT 27Cl |7 ifc | l ' 2 ) ~& 



A(fc) 
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Choosing M = — 56Ci log 77, then we obtain by (16,161) 

-27Ci|r. [1/2 < dir. |l/2. 

„-27Ci|r | 1 /2< r) Ci|r. .1/2. 

'/ l J j2Af+l I — '/ I J JM+1 I ' 

Hence the annuli A(k) associated to k = 1, M + 1, 2M + 1, ■ • • , are disjoint. The number 
of such annuli is 0(K/M). 

Therefore from (16.21). we obtain 



^V 95Cl < / \u(U,x)\^dx<l. 

M J R n 



That is 

^<Mr,- 95Cl <^ 100Cl . 

We now return to the proof of Theorem 11.11 As explained at the beginning of this 
section, it suffices to bound the number of the unexceptional intervals. 

Note that the number of exceptional interval is at most 0(t, _6C ' 3 ). We first bound 
the number N of unexceptional intervals that can occur consecutively. 

Let us denote the union of these consecutive unexceptional intervals by /. By Corol- 
lary 16.21 the hypotheses of Proposition 16.21 are satisfied with a = r/ 26C<1 and so we can 
find a cascade of K intervals and they satisfied the hypotheses of Proposition 16.31 The 
bound on K implies the bound on N, namely, 

N <(2g- 26Ci ) a ' « (2r ? - 26C i)^ 100Cl . 

At last, since there are at most 0(^ _6C ' 3 ) exceptional intervals, the total number of 
intervals is 

J<V- 6C3 +r,- 6C *N<e*>- 20 ° C \ 



This completes the proof of Theorem 11.11 
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